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Abstract. For a convex cocompact subgroup G < Mod{S), and 

points x,y £ Teich{S) we obtain asymptotic formulas as i? — >■ oo of 
^ \Bii{x) n Gy\ as well as the number of conjugacy classes of pseudo- 

^ Anosov elements in G of dilatation at most R. We do this by 

developing an analogue of Patterson-Sullivan theory for the action 

of G on PMF. 
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1. Statement of Results 

The study of the dynamics of the action of the mapping class group 
on Teichmiiller space has long been influenced by analogy with the 
actions of discrete isometry groups of manifolds of negative curvature. 
Two properties of interest for a negatively curved manifold M are the 
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growth of orbits of tti (M) and the asymptotics as i? — oo of the number 
nM^R) of closed geodesies of length at most R. For M compact and 
negatively curved and x, ?/ G M, Margulis [12] showed in his 1970 thesis 
that 

lim e-''^\BR{x) n Ty\ = A{x)A{y) 

and 

lim Re-^^nM{R) = 1 

R-^oo 

where A is a continuous function on M and h is the topological entropy 
of the geodesic flow. Roblin [22] generalized these results to M = X/T 
any quotient of a contractible CAT{—1) metric space by a geometri- 
cally finite group F. We prove an analogue of Roblin's result for cer- 
tain subgroups of mapping class groups acting on Teichmiiller space. 
Let S* be a surface of genus g > 2. Let Teich{S) be the associated 
Teichmiiller space of isotopy classes of marked complex structures on 
S. Let Mod{S) = Diff{S)/DiffQ{S) be the associated mapping class 
group, and let dx denote the Teichmiiller metric on Teich{S). A sub- 
group G < Mod{S) is called convex cocompact if its orbit in Teich{S) 
is quasiconvex. Convex-cocompact subgroups of Mod{S) were intro- 
duced by Farb and Mosher [2] and further developed by Kent and 
Leininger [H]. We prove: 

Theorem 1.1. Let S be a closed surface of genus g > 2. Let G < 
Mod{S) be a convex cocompact subgroup containing a pseudo-Anosov 
element whose axis lies in the principal stratum. Let x,y & Teich{S) 
and Br{x) the ball of radius R about x in the Teichmuller metric. Let 
h be the exponent of convergence of G with respect to the Teichmiiller 
metric. Then 

lim e-''^\BR{x)nry\ = A{x)A{y) 

R-^oo 

Theorem 1.2. Let G be as in Theorem 1.1 Let nM{R) be the number 
of conjugacy classes of primitive pseudo-Anosov mapping classes in G 
of Teichmuller translation length at most R (this translation length is 
the logarithm of the dilatation of the pseudo-Anosov representative). 
Then 

lim Re-^^nuiR) = 1- 

R-^oo 

Like Margulis and Roblin, we prove the counting estimate by con- 
structing a certain measure on the unit tangent bundle and prove it is 
mixing. We develop an analogue of Patterson-Sullivan theory for the 
action of G < Mod{S) on Thurston's sphere PMF. We construct a 
unique G-conformal density Ur^-jX G Teich{S) supported on the limit 
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set A(G) C PMF of G, and scale the product measure x by a 
factor depending on the Busemann function to form a finite (in fact 
compactly supported) G invariant measure /i on the unit (co)tangent 
bundle Q^{S), which can be considered the analogue Bowen-Margulis 
measure in negative curvature. We prove 

Theorem 1.3. The measure fi associated with a convex cocompact sub- 
group G < Mod{S) is mixing. 

Here G does not need to have a pseudo-Anosov whose axis lies in 
the principal stratum. 

A difficulty faced in our setting is that Teich{S) is not hyperbolic 
in any reasonable sense. It is neither GAT{0) nor Gromov hyperbolic. 
Thurston proved that Teich{S) has a natural Mod{S) equivariant com- 
pactification by the sphere of projective measured foliations, but not 
every geodesic ray converges to a limit in PMF, rays with the same 
limit point are not necessarily asymptotic, and rays with different limit 
points may stay a bounded distance apart. Thurston's compactifica- 
tion coincides neither with the Gromov compactification (which is not 
Hausdorff) nor with the horofunction compactification (which contains 
PMF as a proper subset of smaller dimension). Nevertheless certain 
parts of Teich{S) exhibit many aspects of hyperbolicity. Teichmiiller 
geodesic triangles are 6 thin as long as they lie over compact subsets of 
moduli space. Moreover, geodesic segments which spend a fixed propor- 
tion in quadratic differentials with no curves of short fiat length behave 
like geodesies in GAT{—1) metric spaces: namely, if two geodesies both 
pass within two balls of bounded radius lying far apart, they become 
very close somewhere in the middle. We use some arguments from 
ergodic theory to show that asymptotically, "most" geodesic segments 
are well-behaved in this sense and use techniques analogous to Roblin's 
to control the asymptotics of these well-behaved geodesies. 

In order to prove mixing of /i we prove a certain nondegeneracy 
condition for the length spectrum of G, which is in our setting the 
measure of maximal entropy for the Teichmiiller geodesic fiow over 
Teich{S)/G. 

Theorem 1.4. Let G < Mod{S) be a nonelementary subgroup. Then 
the logarithms of the dilatations of pseudo-Anosov elements of G gen- 
erate a dense subgroup o/M. 

For subsemigroups of S'L„]R acting irreducibly on and containing 
a proximal element, an analogous result is proved by Guivarch and 
Urban in In variable negative curvature this question remains 

open. We prove Theorem 4 by using the piecewise linear structure of 



4 



ILYA GEKHTMAN 



MF given by train track coordinates to embedd a sub semigroup of G 
into SLrtM- with the image satisfying the conditions of |23j . 

When G is the full mapping class group, analogues of Theorems 1.1 
and 1.2 respectively were proved by Athreya-Bufetov-Eskin-Mirzakhani 
in [1] and Eskin-Mirzakhani in 
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2. Background on TEicHMiiLLER Theory 

Let 5 be a closed surface of genus at least 2. Let Mod{S) be the map- 
ping class group of S. Let Teich{S) be the space of marked complex 
structures on S up to isotopy. The space Q{S) of quadratic differen- 
tials can be thought as a cotangent bundle of Teich{S). A stratum of 
Q{S) consists of all quadratic differentials whose zeros have the same 
combinatorial singularity type. The principal stratum consists of all 
quadratic differentials with simple zeros. Let Q^{S) be the space of 
area one quadratic differentials, which can be identified with the unit 
cotangent bundle to Teich{S). Let n : Q^{S) — )■ Teich{S) be the pro- 
jection. Let MF be the space of measured foliations on 5* and PMF 
its projectivization. For a quadratic differential q let q~^, q~ G MF 
denote its vertical and horizontal measured foliations respectively and 
[q^] G PMF its projective classes. Let UE C PMF denote the 
projective classes of uniquely ergodic foliations. There is a compact- 
ification due to Thurston of Teich{S) by PMF [7\ obtained by em- 
bedding both into M.^ where A is the set of isotopy classes of sim- 
ple closed curves on S. Unless otherwise stated, the topology on 
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Teich{S) U PMF in this paper comes from the Thurston compactifica- 
tion of Teich{S). Given a basepoint in Teich(S), we can also compact- 
ify Teich{S) by equivalence classes of geodesic rays through the point, 
called the Teichmiiller compactification. Hubbard and Masur showed in 
prij that there is a homeomorphism Q{S) — )■ Teich{S) x MF obtained 
by associating to a quadratic differential its projection in Teich{S) and 
vertical (or horizontal) measured foliation. In (TU] Masur shows: 

Theorem 2.1. If q E Q{S) with g+ uniquely ergodic then n{gtq) con- 
verges to the projective class of q~^ in PMF. 

Theorem 2.2. If qi,q2 G Q^{S) and qf = q2 is uniquely ergodic then 
c^T(7r(fi'tgi), 71(5(4^2)) -> 0. 

The following is part of Masur's Two Boundaries Theorem [T7] 

Theorem 2.3. The identity map on Teich{S) extends to a homeo- 
morphism between T{S) U UE in the Teichmuller compactification and 
T{S) U UE in the Thurston compactification. 

Theorem 2.4. Let x = xq € Teich{S). Let x„ G Teich{S) be a 
sequence converging in the Thurston compactification to a uniquely er- 
godic rj G PMF. Then there exists a sequence of quadratic differentials 
qi G S{x) and tj > such that Xi = n^gt-qi) and the qi converge to 
q G S{x) such that rj = lim(_>oo '^{dtq)- Therefore for any fixed m > 0, 
the points TT{gmqi) converges to ir^gmqi)- 

The following result of Klarreich is Prop 5.1 in [T3] . 

Proposition 2.5. Let Fi and F2 be topologically inequivalent mini- 
mal foliations. Let Xn and yn be sequences in Teich{S) converging to 
Fi and F2 respectively. Then the geodesic segments [a;„,?/„] accumu- 
late in the Teichmuller compactification to a set s C Teich{S) UPMF 
such that s fl Teich{S) is a nonempty union of geodesies whose verti- 
cal and horizontal foliations are topologically equivalent to F2 and Fi 
respectively and s fl PMF consists of foliations that are equivalent to 
Fl or F2. If X E Teich{S) is fixed, then [x,Xn] accumulate to a set 
s C Teich{S) U PMF such that s fl Teich{S) is a union of geodesic 
rays based at x whose endpoints are topologically equivalent to Fi and 
s n PMF consists of foliations topologically equivalent to Fi . If Fi 
and F2 are topologically equivalent then [xn,yn] converges to a subset 
of PMF each element of which is topologically equivalent to Fi . 

For uniquely ergodic foliations Fi and F2, the above proposition and 
Masur's two boundaries theorem implies the following. 
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Corollary 2.6. [x, x„] converges uniformly on compact sets to [x, [Fi]) 
and [xn,yn] converges to {[Fi], [F2]). 

The following corollary of Proposition 2.5 is proved in |14j . 

Corollary 2.7. Let rjn, Cn in PMF converge to uniquely ergodic rj^C, E 
PMF . Then the accumulation points of [rjn, Cn] in the Thurston topol- 
ogy are contained in {^7,C}- 

Call a subgroup G of Mod{S) non-elementary if it contains a pair 
of noncommuting pseudo-Anosovs. For a nonelementary subgroup G 
of Mod{S), let A{G) denote its limit set in PMF, the unique closed 
G invariant subset of PMF on which G acts minimally. The limit set 
is the closure of the set of stable foliations of pseudo-Anosov mapping 
classes in G. It is perfect and has empty interior provided it is not equal 
to PMF [15]. If any pair of points in A(G) fill S, we define WH{G) to 
be the union of all TeichmuUer geodesies whose vertical and horizontal 
measured foliations have projective classes in A{G). A subgroup G 
of Mod{S) is called convex cocompact if some G-orbit in Teich{S) is 
quasiconvex. The following properties of convex cocompact subgroups 
of Mod{S) are proved in [2] and [13]. 

Theorem 2.8. • Every G orbit is quasi-convex. 

• The weak hull WH{G) is defined and G acts cocompactly on 
WH{G). 

• Every limit point rj of G is conical, that is for x G Teich{S) 
there is some D > such that the ray [x, rj) has infinite inter- 
section with D neighborhood of Gx . 

• G acts cocompactly on WH{G) UA{G). 

• WH{G) is contained in the e-thick part of Teich{S) and A- 
quasiconvex for some e > and A > 0. 

• WH{G) n A{G) IS closed m Teich{S) n PMF. 

• Every point of A{G) is uniquely ergodic. 

• G contains a finite index subgroup all of whose nonidentity el- 
ements are pseudo-Anosov. 

From now on, let G denote a nonelementary convex cocompact sub- 
group of Mod{S). 

Lemma 2.9. If G is nonelementary convex cocompact, A{G) coincides 
with Gx n PMF for any x G Teich{S). 

Proof. Let 77 G A{G) be an the attracting point of a pseudo-Anosov g G 
G. Then g"'x — )■ 77 so 77 G GxdPMF. Since the fixed points of pseudo- 
Anosovs of G are dense in A(G), we have A(G) C Gx fl PMF (this 
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holds for any nonelementary G C Mod{S). For the other direction, it 
is proved by McCarthy and Papadopoulos in [T8| that Gx fl PMF is 
contained in 

ZA{G) = {Xe PMF\3P e A{G) : i{X, (3) = 0} . 

Since every point of A{G) is uniquely ergodic, ZA{G) = A{G). □ 

Let Teich^{S) denote the e thick part of Teich{S), the set of hyper- 
bolic structures on S where no closed curve has hyperbolic length less 
than e. The following property of Teichmiiller geodesies, indicative of 
hyperbolicity in the thick part, is proved by Rafi [2T] . 

Lemma 2.10. For each A > and e > there exists a constant D > 
such that for points x,x',y,y' G Teich^{S) with dT{x,x') < A and 
drill, y') < A the geodesic segments [x,y] and [x',y'] D-fellow travel in 
a parametrized fashion, and for rj e PMF such that [x,ri) and [x',ri) 
are contained in Teich^{S), the geodesic rays [x,rj) and [x',ri) D-fellow 
travel in a parametrized fashion. 

For a subset W of a. metric space and A > let NaW denote the A 
neighborhood of W. 

Corollary 2.11. Let G < Mod{S) be convex cocompact. For every 
G > there exists an G' > such that every geodesic with endpoints 
in A{G) U NcWH{G) is contained entirely in Nc'WH{G). 

Proof. Let A > be such that WH{G) U A{G) is A-quasiconvex. 
Let e > be such that NcWH{G) C Teich^{S). (Such an e exists 
since G acts cocompactly on WH{G) and therefore on NcWH{G)). 
Then for each x,y e NcWH{G) there are x',y' G WH{G) with 
dT{x,x') < G and dT{y,y') < G. Since x,x',y,y' lie in Teich^{S) and 
dT{x,x') < G and dT{y,y') < G, it follows from Rafi's theorem that 
the geodesic segments [x,y] and [x',y'] D-fellow travel. Since WH{G) 
is A-quasiconvex, [x', y'] is contained in Na+cWH{G) and so [x, y] is 
contained in Na+c+dWH{G). The proof when one of x, y lies in A(G) 
is similar. □ 

The following is proved in [T9] . 

Proposition 2.12. For every e > there exists an 6 > such that 
any triangle with vertices in Teich{S) U PMF and sides contained in 
Teich^{S) is 6 thin- each side is contained in a 6 neighborhood of the 
other two. 



From the proof of 



, Theorem 4.4 we also have the following. 
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Proposition 2.13. For each e > there exists a K > with the 
following property. Suppose x,y,z & Teich{S) U PMF form a triangle 
with sides contained in the e thick part ofTeich{S). Let P G [x,y] 
minimize the distance between [x,y] and z. Then [x,P] U [P,z] lies in 
a K neighborhood of [x, z\ . 

3. Fixing the Quasiconvexity Constants 

Existence of the following constants is guaranteed by the above re- 
marks. Fix y4 > 0. 

Let A" > be such that any geodesic between two points in 

NAWH{k{G))yjk{G) 

is contained in 

Na" U WH{k{G)) U A(G) 
Let A' > be such that any geodesic between two points in 

Na"WH{K{G)) U A(G) 

is contained in 

Na' U WH{A{G)) U A(G) 

Let e > be such that NAWH{k{G)) C Teich,{S). Let K > 
be large enough so that any triangle in Teichmiiller space with sides 
contained in Teich^{S) is K thin, satisfies Proposition 2.13, and also 
large enough such that the shadow pr^Bx{x) contains an open set 
intersecting A{G) for every x G Na'WH{G) and rj G A{G) (see section 
7 below). 

4. BusEMANN Functions for the Teichmuller Metric 

If x,y E Teich{S), a G MF uniquely ergodic and and Zn [en] in 
the Thurston compactification, then Miyachi |20] showed 

Mx,^n)-dr{y,z.)^llog^^^. 

In particular, the limit f3[a]{x, y) = d^ix, Znj—dxiy, Zn) exists and varies 
continuously with [a] E UE. This gives a continuous extension of the 
CO cycle 

f3z{x, y) = dxix, z) - driy, z) 

to Teich{S) U UE. 

For C^V ^ uniquely ergodicand x,w,z G Teich{S) we can also 
define 

Px{z, w) = d{x, z) + w) — d{z, w) 
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Px{,z,[C\) = Px{[C\,z) = lim d{x,z)+d{x,w)-d{z,w) = a!(a;, 
Px{[C],[v]) = , lim , d{x, z)+d{x,w)-d{w, z) = PiQ{x,u)+P[r,]{x,u) 

1 ExtxCExtxT] 

where u G Teich{S) is any point on the Teichmuller geodesic defined by 
(,!]. The function p is continuous in a; G Teich{S) and (,r) & UE. It 
can be considered as an analogue in our setting of the Gromov product. 

5. CONFORMAL DENSITIES FOR G 

A conformal density for G is a family {I'xlx G Teich{S)} of borel 
measures on PMF, each supported on A(G) satisfying 

(1) 

for all X G Teich{S) and 7 G G and 

(2) For all x,y & Teich{S) and i/^^ are absolutely continuous and 
satisfy 

^(a) = ea;p(5(G)/3Q(a;,y). 

Note, by the G-invariance of the Busemann cocycle if condition (2) is 
satisfied, it suffices to check condition (1) at a single x. 

Proposition 5.1. A conformal density for a nonelementary convex 
cocompact G < Mod{S) has full support on A(G) and has no atoms. 

Proof Suppose U C PMF is open and U n A(G) but u^iU) = 0. 
Since the limit set is the closure of the set of stable (or unstable) lam- 
inations of pseudo-Anosov mapping classes in G, there is some pseudo 
Anosov 7 G G with axis / with repelling fixed point /~ G U. Then for 
each n > 0, 

since and absolutely continuous. Note 

y 7"C/ = PMF \ 1+ 

n>0 

By countable subadditivity of the measure, u^. is concentrated on the 
single point However, since G is not elementary, there is some 
h & G with hl'^ 7^ and by absolute continuity we must also have 

Mhl^) = i^h-^xil^) ^ 
giving a contradiction. Thus we have proved that has full support 
on A(G). Now, suppose has an atom 77 G A(G), say of mass r. By 



10 ILYA GEKHTMAN 

[i^TLl] every limit point rj oi G is conical, that is there exists a. D > 
such that the D neighborhood of the geodesic [x, rj) intersects the orbit 
Gx infinitely many times. Let 7„ G G be such a sequence. Then by 
the triangle inequality, (3ri{'ynX,x) — )■ oo. Then, 

^xiln^r}) = ^luxiv) = (^xp{5{G)Pr^{-triX,x))v^{r}) oo 
contradicting the finiteness oiv^.- □ 

6. Patterson-Sullivan Construction of a Conformal 

DENSITY 

Let 5g be the exponent of convergence of G. For s > 5g and x, y e 
Teich{S) let 

fs{x,y) = ^exp(-sd(a;,7(y))). 

Fix X e Teich{S). Now let 

^x,s = fs{x,x)~'^^ex.p{-sd{x,-f{x)))5jj: 

where 5p denotes the dirac measure at p. Now, consider a weak-* limit 
fx of the Vx^s as s — > 5(3. It is a probability measure on 



Teich{S) = Teich{S) U PMF. 

Assume first that the Poincarc scries diverges at 6g- Then /(s) cxo, 
so by discreteness of G, gives zero measure to compact subsets of 
Teich{S), and thus must be supported on PMF. 

Furthermore, since each i/r^^s is supported on the G orbit of x, it 
follows that z/j. is supported on its closure, so it must be supported on 
A(G). For any other y e Teich{S) define 

duy{a) = exp{S{G)pa{x,y))dux. 

Since 

/3a{x, z) = I3a{x, y) + z) 
we have that 

p^{a)=eMmPa{z,y)). 

Now. we show that this gives a conformal density. Indeed, for any 

g E G we have, 

gvgx,s{z) = exp{-sl3^{gx,x))vx^s{z) 
where ^ is the Busemann cocycle, and taking limits as s — > 5 we get 

gdvx{a) = ex^{-5{G)l3o,{gx,x))dvx 
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SO we indeed have a conformal density. 

Now, suppose the Poincare series converges at S{G) (this case turns 
out to be vacuous, but the construction of a conformal density is re- 
quired to show it). There exists a slowly growing function /i on M such 
that 

h{d{x, -fx))exp{-sd{x, 7(1/))) 

diverges at s = S{G) but converges for s < S{G). We then set 

fs{x,x) = h{d{x, ■yx)exp{—sd{x, 7(x))) 

and carry out the construction as before. The existence of an appro- 
priate function h is guaranteed by application of the following result of 
[2Bj to the Radon measure 

Lemma 6.1. Let X be a Radon measure on such that the Laplace 
transform of A 

[ e-''d\{t) 

has critical exponent 5 G M. Then there exists a nondecreasing function 
/i : ]R+ — > ]R+ such that 

I h{t)e-^'d\{t) = 00 

and for every e > there exists to > such that, for any u > and 
t > to, one has 

h{u + t) < e'^h{t) 
In particular the Laplace transform of hX has critical exponent 6. 

7. Sectors and Closures 

For x,y e T{S) and r] G PMF{S) let pr^{x) G PMF{S) denote 
the vertical projective measured foliation of the quadratic differen- 
tial q G S{x) with horizontal projective measured foliation rj and 
pry{x) G PMF{S) the vertical projective measured foliation of the 
geodesic segment from x to y. 

Lemma 7.1. The function pr ,{*) is continuous on (Teich{S) UUE) x 
Teich{S). 
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Proof. The continuity on Teich{S) x Teich{S) and PMF x Teich{S) 
follows from the fact that the map S{x) — > PMF is a homeomorphism 

for X G Teich{S). If a;„ — ?> uniquely crgodic, then converges 
to {ri,x]. Let t/„ G [a;„,a;] be at distance one from x. Then Un ^ y = 
jx,rj{l) so pra:„{x) = pry„{x) pry(a;) = pr^(a;). □ 

For X G Teich{S) and [/ C PMF let SecU{U) be the set of all 
y G Teich{S) with pr-x{y) G f/ For any r > let 

C+(a;,t/) = AT^ y Sect^{U) 

Z&Br(x) 

and 

C-(a;,t/)=||/GTezc/i(5)|5(|/,r)C fj 5ect,([/) 

zeB{x,r) 

Lemma 7.2. For any r > 0, > anc? C/ C PMF open the closure 
of C^{x, U) n NdW H{G) in the Thurston compactification is 

{cf{x,u'''^^) n NdWH{G)) u {u''^^ n a(G')) 

and the closure of SectxiU) H NdWH{G) in the Thurston compactifi- 
cation is 

PMF PMF 

Sect,{u )n NdWH{G)) u {u n a(G)) 

Proof. Since pr is continuous, SectJJ^^^ and Cf{x,U^^^) are the 
closures in Teich{S) of Sectx{U) and C;;''(a;, t/) respectively. Since 

A^i5W^i^(G) is closed in Teich{S) we have that Sect^U nNDWH{G) 

and C^{x, U )nNDWH{G) are the closures in Teich{S) oiSectx{U)n 
NdWH{G) and Gt{x,U) H NdW H{G) respectively. 

Now let Xn G C+(a;, f/) fl NdWH{G) converge to some r] G PMF. 
Since a;„ G Nr)WH{G) we have G A{G). By definition of C,+ there 
exists a sequence |/„ G Br{xn) fl Sect^U. Since r/ is uniquely ergodic 
we have y„ — >■ 77. Now let Zn G [x, with d{zn, x) — 1 and 2; G [x, rj) 
with (i(2;„,a;) = 1. Since 77 is uniquely ergodic we have 2;„ — )■ 2; and by 
continuity of pr we have pr^Zn — >■ pr^jZ — rj. By definition prj;^;^ G U 
so r] G U. 

Now, suppose 77 G A{G) n C/. Then T:gtqx,r, — )■ r/ as i — > 00. Let 
> be such that [x,a) C A^D'Vrii'(G') for all a G A(G'). Then 
wt = ngtq^^n e Nd'WH{G) for all t. Let G n Pd'S^*). As 

r] G UE we have Zt ^ rj. We claim Br+oiwi C SectxiU) for large 
enough whence it will follow that G G~{x, U) for large enough 
Indeed, otherwise, letting V C PMF be an open neighborhood of 77 
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with closure in U there is a sequence t„ ^ oo and Pn ^ Br+D'iwtn) \ 
SectxU. Since r) e UE we have Pn ^ V and thus prxPn — >■ ?7- Thus 
PfxPn G for large enough n since f/ is open in PMF, contradicting 
our assumption. So Vt G WH{G) D C~{x, U) converges to 77. 

□ 

Corollary 7.3. If U,V C PMF with U d V° then {C+{x,U) n 
NdWH{G)) \ C:^{y, V) has compact closure in Teich{S). 

Corollary 7.4. IfV is open in Teich{S)UPMF and U C PMF with 
U G V n PMF then C^{x, U)\V has compact closure in Teich{S). If 
X is closed in Teich(S) U PMF and U C PMF is open in PMF with 
X n PMF C U then X \ C~{x, U) has compact closure in Teich{S). 

Let V C PMF be open with U CV. 

Lemma 7.5. For any geodesic I with endpoints in A{G)\V , lnSectx{U) 
is contained in a compact subset of Teich{S). (In particular I spends 
only a finite amount of time in SectxU ). 

Proof. Suppose I n SectxiU) is not contained in a compact subset of 
Teich{S). Then (for a correct choice of orientation of the geodesic) 
there exist s„ — )■ 00 such that pn = G SectxU. Note, ls„ — ?■ G 
A(G) \ V, which is uniquely ergodic. Let g„ G S{x) and t„ > be such 
that Pn = T^{9tnQ.n)- Note, as p„ G SectxiU) we have [qn+\ G U . Then 
Qn ^ q & S{x) with 

Z+ = [q^] = lim n{gtq) 

But since the map 

S{x) PMF 
q [q+] 

is a homeomorphism, [q~^] G U contradicting that /+ G A(G') \ V. □ 

Lemma 7.6. There exists aT > such that any geodesic I with G 
A(G) \ V and d{x, I) > T is disjoint from SectxU. 

Proof. Suppose not. Then there is a sequence of geodesies with 
1^, In ^ ^(^) \ ^ d{x, I) > n and pn G H SectxU . Passing 
to a subsequence, we have either that {InJn) converges to either a 
pair of distinct points {ri,() in A(G) or a single point rj G A{G). In 
the first case, we would have /„ converge in the Hausdorff topology 
on Teich{S) U PMF to the geodesic / between 77 and (, so d{ln, x) 
d{l,x) which would contradict d{x,ln) ~^ oo- Thus, we have and /~ 
converging to the same rj G A(G') \ V. Then, we have Z„ converging to 
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rj and thus Pn rj. Let qn G S{x) be such that Pn = T^{9tnQ.n)- Note, 
as Pn e Sectx{U) we have [5+] e C/. Then ^ q E S{x) with 

^7 = [q^] = lim 7r(5't9) 

t— >oo 

But [q+] e C7 contradicting that rj e A(G') \ V^. □ 

Lemma 7.7. There exists a D > such that for every riX ^ ^{^) \ ^ 
the geodesic between rj, ( spends at most time D in Sect{U). 

Proof. Suppose the contrary. Then there exist a sequence of geodesies 
/„ with both endpoints outside of V such that /„ spends time at 

least n in Sect{U). We may pass to a subsequence such that one of the 
following holds: either (/+, /~) converges to a pair of distinct endpoints 
(77, C) in A(G') \ y or both converge to the same r] e A(G') \ V. Suppose 
the first case. Then, the geodesies /„ converge uniformly on compact 
sets to the geodesic / with endpoints r], C,. Thus, this geodesic must 
spend an infinite amount of time inside Sect{U), which is impossible 
if both of its endpoints are outside of U. Now suppose both endpoints 
of /„ converge to the same rj G A(G) \ V. Then, /„ converges to f]. Let 
p„ G /„ n SectxiU). Let g„ G S{x) be such that p„ = 7i{gt„qn)- Note, 
as Pn G SectxiU) we have [qn+\ G U . Then qn ^ q E S{x) with 

t->oo 

But [qn+] G U contradicting that rj G A(G) \ V. □ 



8. The Bowen Margulis Measure 
Let X G Teich{S). Define a measure Jl on A(G) x A(G) by 

df^ivX) = ex.p{S{G)px{riX))dux{v)d'^x{0 

Note, every distinct pair of points in A(G) give a TeichmuUer geodesic 

in WH{G) so we can consider /i as a measure on Q^{S), invariant 
under the Teichmiiller geodesic fiow gt and supported on WH{G). By 
continuity of p on pairs of points in the limit set, jl is locally finite. 

Lemma 8.1. The measure fi is G invariant. 

Proof. This follows from the G equivariance property of conformal den- 
sities. □ 

Thus jl descends to a measure p on Q^{S)/G. Since G acts co- 
compactly on WHiG)., it follows that p is compactly supported, and 
therefore finite. We call p the Bowen-Margulis measure. By project- 
ing p to Teich{S) we obtain a measure on Teich{S), supported on 
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WH{G). For qq G Q^{S) let the strong stable (unstable) leaf associ- 
ated to qo, denoted by W^^{qo) (resp W^'^{qo)) be the set of elements 
of Q^{S) with the same vertical (resp horizontal) measured foliation 
as go- Let the weak stable (unstable) leaf associated to go, denoted by 
W'^{qo) (resp W^"(go)) be the set of elements of Q^{S) with the same 
vertical (resp horizontal) projective measured foliation as q^. 

The map sending each quadratic differential to its horizontal projec- 
tive measured foliation restricts to a map 

Pl° : W'%qo) PMF 

that is a homeomorphism between W^^{qQ) and PMF \ V{qQ) where 
for a measured foliation a, V{a) consists of the foliations 9 such that 
i{a, (3)+i{9, (3) = for some /3 G PMF. In particular, if q^ is uniquely 
ergodic, Pl° is a homeomorphism between W^^{qo) and PMF \ q^. 
We can define a locally finite measure on l^**(go), denoted by fi^^ by 
pulling back the Patterson-Sullivan measure on PMF and scaling by 
the Busemann function: 

Here, x G Teich{S) is any basepoint and /x*'* is independent of x. Sim- 
ilarly, we can define measure on strong unstable horospheres Vr*"(go) 
by 

df^l^iv) = eM-^P[v+]{x,n{v)))diy^{[v+]) 
We can also define measures on weak horospheres by integrating the 
measures on strong horospheres with respect to geodesic arclength. 

These project modulo T to measures /x^" and fi"^^, /i^^ and /ig^. 
Note, whenever q^ is uniquely ergodic, there is a map 

hll.Q\S)\W-{-qo)^W^^iqo) 

with 

^?o(9) = ^"(9)nw^^^(go) 

which has one to one restrictions to any unstable horosphere. When g"*" 
is uniquely ergodic, /i^^ restricts to a homeomorphism between S{x) \p 
and W^^{qo) where p'^ = q^. We can also define a map 

hl^:Q\S)\W-{-qo)^W\qo) 

with 

hl{q)^W'^iq)nW\qo) 
Similarly define maps /i" and /i*" 
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Lemma 8.2. For any qi,q2 with uniquely ergodic, the restriction of 
h^^ to W\q2) takes //^^ to fx^^ 

We can now define, for a fixed go ^ Q^{S), a measure djiq^ on Q^{S) 

by 

dKo = d9w{gtw)dnl'{w)dnl'^{v) 

ie by integrating over gtw with geodesic arclength dg^, then integrating 
over all w in W^'^{v) with respect to/j.^^, finally integrating over all v in 
W^^{qo) with respect to ji^^. 

Lemma 8.3. /U^;, is independent of qo and coincides with the Bowen- 
Margulis measure ft. 

Proof. This follows from the fact that is supported on the uniquely 
ergodic part of PMF and that /3[^,+](a;, 7r('u;)) = /?[„+] (x, 7r(v)) whenever 
q e W^^{v) and uniquely ergodic. □ 

9. NONARITHMETICITY OF THE LENGTH SPECTRUM 

In this section we prove 

Theorem 9.1. Let G < Mod{S) be a nonelementary subgroup. The 
the logarithms of the dilatations of pseudo-Anosov elements of G gen- 
erate a dense subgroup ofW. 

For a train track r, let Wr = R^^~^ be the vector space of weights on 

the branches of r satisfying the switch condition. Let Vr C Wr be the 
open cone assigning positive measure to each branch. Each element 
of Vt corresponds to a measured foliation. Let 0^ : V^- — )■ MF be this 
correspondence. Let 17^ be the image of 0,- in MF and let V'r ^ t^r — >■ K 
be the inverse of 0^. 

Lemma 9.2. Let 7 e Mod{S) be a pseudo-Anosov such that 7"^ is 
carried by the interior of the maximal recurrent train track r and 7" 
is not carried by r. Then for large enough n we have 7"'r is carried 
by T and 7"' acts linearly on Wr by a positive matrix whose largest 
eigenvalue is the dilatation A (7) 0/7. 

Let G < Mod{S) be nonelementary. 

Let T be a maximal recurrent train track and 71, 72 G G independent 
pseudo-Anosovs such that are carried by r, and ^yf are not carried 
by r; replacing 7^ by high enough iterates we can assume that they 
preserve Ur- Let F C G be the semigroup freely generated by the 7j. 
Then each 7 G F preserves Ur and acts linearly on Wt by a positive 
matrix whose largest eigenvalue is the dilatation A(7) of 7. Moreover, 
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since the mapping class group preserves Tliurston's symplectic form on 
Mod{S) we have that each 7 e F acts on Wr by a symplectic matrix. 

Note, if A represents the action of 7 e G then Ea cannot have any 
elements of VV, ie cannot have any vectors with all entries nonnega- 
tive. Indeed, if v e Ea then [A^v] does not converge to [va\ G PWr- 
However, \i v & Vt then v — ipT-a for some measured foliation a with 
[a] 7^ [7"]. Thus, [7"'q;] — >■ [7+] and hence 

[A^v] = [A^^ra] = [Mr»)] ^ [V'r7+] = VA 

In particular we obtain that if independent elements 71,72 £ T act on 
Wr by matrices A and B respectively then Tvb r\ Ea ~ 0- 

Thus, it suffices to prove the following result about linear semigroup 
actions on projective space. For a proximal element A e SLnM let va 
be a dominant eigenvector with corresponding eigenvalue X{A) and Ea 
the direct sum of complementary eigenspaces. We need 

Theorem 9.3. Let F be a semigroup of SLnR every element of which 
is proximal. Suppose for any A, B & T we have rvBr\EA — 0- Then the 
logarithms of maximal eigenvalues of matrices in F generate a dense 
subgroup o/M. 

Let the limit set of F, denoted by Lp be the closure in PM" of 
_ {[va] : a e F} 

Let Lr be the preimage of Lr in R". 
Lemma 9.4. Lr is F invariant. 

Proof. Suppose A^BeV. We need to show that [Avb] £ Lr- Consider 

u = lim ^^P" e MM) 

Then it is a projection onto Mvb with keru — Eb and u{vb) — vb By 
assumption, Avb 4- = keru ~ kerAu. Thus, Au is a multiple of a 
projection onto RAvb- Note, 

Au = lim — ^AS" 

n— s>oo Id " 

so [f^B"] [Avb]- Hence, [Avb] G L^. □ 

Lemma 9.5. Any F invariant subspace W is either contained in Oaet 
or contains va for all A ^T. 

Proof. Suppose TW = W, and B E T with vb ^ F. Then for any v ^ 
Eb we have limf^^aoiP^v] = [vb] ^ [W]. However, for any v G W we 
have B'^v e W and as [W] is closed, any limit point of {[S^^i;] : A; e N} 
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is in [W]. Thus, if vb ^ W then W C Eb- In particular, since for any 
A E T we have va ^ Eb "we have that W does not contain va for any 
y4 G r and is thus contained in Ea for all A G F. □ 

Let Wr = (Ba^f^va be the smallest subspace of M"" containing Lp. 
Since F preserves Lr, it preserves VFr- Let Ur be a maximal proper F 
invariant subspace of Wr- 

Lemma 9.6. F acts irreducibly on Vp = Wr/Ur, and each A G F has 
the same largest eigenvalue in this action as in the action on M". 

Proof. The irreducibility follows from maximality of Ur- Note, by 
Lemma 10.4 we have Ur C fl^er does not contain any va for A G F 
so Va + Ur is a dominant eigenvector for A with eigenvalue X{A). □ 

Lemma 9.7. For any independent A, 5 G F there is an integer M > 
such that Tm = sg{A^^,B^^) acts strongly irreducibly on Vrj^j = 
Wr,JUr,,. 

Proof. Now, consider independent A,B G F. Since there is no infi- 
nite nested sequence of finite dimensional subspaces, there exists an 
> and subspaces U <Z W such that = ^ i Ur^ = U and 

Vr,, = W/U = V for all M > N. We know that F^ = sg{A^,B^) 
acts irreducibly on V and consequently so does the free group G„ =< 
A^,B^ > generated by A^,B^- Suppose the Tjy action on V is not 
strongly irreducible. Let Vi, ---,Vn C V he a. minimal collection of sub- 
spaces of V such that their union is preserved by Ftv- Note, A^,!?^ 
permute Vi,...,VAr so there exists an > such that A'^^^Vi = Vi 
and B^^V^ = Vi for each i. In particular, Tmk = sg{A^^ , B^'^) 
preserves the proper nontrivial subspace Vi C V = W, contradicting 
the fact that Tmk must act on V irreducibly. □ 

The following is proved in [23], Proposition 4.9. 

Lemma 9.8. Let F < GLnR be a semigroup acting irreducibly on M" 
and containing a proximal element. Then the logarithms of maximal 
eigenvalues of proximal elements o/F generate a dense subgroup o/M. 

Theorem 9.1 follows from Lemmas 9.6 and 9.7. 

10. Ergodicity and Mixing of the Bowen Margulis 

Measure 

Theorem 10.1. The geodesic flow gt on Q^{S)/G is ergodic with re- 
spect to the Bow en- Margulis measure /i. 
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Proof. For / G Cc{Q^{S)/G) continuous with compact support, con- 
sider the forward and backward Birkhoff averages: 



By the Birkhoff ergodic theorem these are finite and equal for almost 
every q G Q^{S)/G. Moreover, it is clear that and /~ are invari- 
ant under geodesic flow. Furthermore, is invariant along W^'^lq) 
whenever g"*" is uniquely ergodic, and /~ is invariant along VV^^lq) 
whenever q~ is uniquely ergodic. Suppose the measure is not ergodic. 
Then there exists some / G Cc{Q^{S)/G) such that /"*" is NOT al- 
most everywhere constant. Let Ci,C2 be disjoint sets whose union is 
M such that Di = {f~^)~^Ci has positive measure. Note, by Fubini's 
theorem and the product structure of the measure /x there exists go 
with qQ— G A(G') and a set A C W'^'^{qo) of full /x*^ measure such that 
f~^{v) = f^{v) and v'^ G A[v) for all v & A. Furthermore there are 
sets Aj(go) C A of positive /x^" measure such that for all v G Ai(go) 
) intersects Di in a set of positive /i^* x dt measure. Note, since 
the Di are gt invariant and is constant along W''^^{v), it follows that 
14^* (t>) C Di for V G Ai{qo). In particular, Aj(go) ^ A- However, as 
/"•" = /~ on A this implies that /~(A)(go) ^ Ci. However, as qo— is 
uniquely ergodic, /~ is constant on W^^i^qo) contradicting that the Ci 
are disjoint. □ 

It follows that G acts ergodically on PMF with x u^. 

Theorem 10.2. The geodesic flow gt on Q^{S)/G is mixing with re- 
spect to the Bowen-Margulis measure fi. 

Our argument is modelled on Babbillot's argument in [5^ where 
an analogous result was proved for general quasi-product measures on 
manifolds of pinched negative curvature. The following result from 
unitary representation theory is proved in [2l] . 

Theorem 10.3. Let {X, B, m, {Tt)t^A) be a measure preserving dynam- 
ical system where (X, B) is a Borel space, m a Borel measure on X 
and T an action an action of a locally compact second countable abelian 
group on X by m preserving transformations. Let f G L'^{X, m), and if 
m is finite assume also fdm = 0. Then, if f oT^ does not converge 
weakly to as a ^ oo in A, there exist a sequence Sngoing to infinity 




lim sup 




and 



lim sup 

T-5>oo 
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in A and a non-constant function ip G L^(X, m) such that f o Tg^ and 
f o T_s„ both converge to ip. 

Suppose fi is not mixing. Then there is a continuous G invariant 
function / with supp{f)/G compact such that 

/ fdfi = 

and f o does not converge weakly to zero. Let s„ — > oo and noncon- 
stant ip be such that J^i fdm = and both fogg^ and fog^sn converge 
weakly to ip. By the Banach-Saks theorem, there exists a subsequence 
tn of Sn such that the Cesaro averages 

1 ^ 

n=l 

and 

1 ^ 

^-N ^J^^f° 9-tn 

n=l 

converge almost surely to ip. We first smooth out ijj by considering 
the function v — >■ ip{gsv)ds. Choosing small enough c guarantees 
that this function remains non-constant, and it is moreover the limit 
of the corresponding Cesaro averages of the smoothing of /. By abuse 
of notation, we continue to call the new functions / and ijj. Now, there 
exists a set Eq of full /j, measure in A{G) x A(G) such that for each v 
on a geodesic with endpoints in Eq, the function t — >■ ip(gt{v)) is well 
defined and continuous. Consider the closed (a priori possibly trivial) 
subgroup M(g) of M given by the periods of t i-^ 'ipidtQ)- It is clearly 
flow invariant, and thus gives a measurable map from Eq into the set 
of closed subgroups of R. By ergodicity of x 1/3. it must be constant 
almost everywhere on Eq. Suppose this subgroup is M. Then ip would 
be gt invariant, and thus pass to a fiow invariant function on Q^/G, 
which is not almost-every where constant. However, this contradicts 
the ergodicity of /x. Thus the subgroup in question must be cyclic. Say 
it equals kZ on a full measure set Ei Q Eq. Let 

ip'^ — limsup 

and 

Ip" — limsup A_Ar 
By Fubini's theorem, there is a set E2 C Ei be of full measure and 
such that ip^ = ip~ = ip everywhere along every geodesic in E2. 

Now, let E~ be the set of A e A(G) such that for almost ev- 
erywhere a, (A, a) e E2 and similarly let E^ be the set of A e A(G') 
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such that for v almost everywhere a, (a, A) G Again, by Fubini's 
theorem, E — x E") has full measure. 

Now, let r]i,r]2,Ci,C2 e A{G). Choose po E {r]i,Ci), Pi ^ (Ci,?72), 
P2 e (^2,(2), P3 e (C2,^?i) and p4 e (^i,Ci) such that and pi+i 
are on the same horosphere. We claim that the distance r(?7i, r]2, Ci, C2) 
between po and p4 depends only on the rji and Q and is thus independent 
of the position of po on its geodesic. It will follow that this distance is 
a period of t 1— )■ f{gt%) where go ^ 'S'(po) with [q^] = d and thus is 
contained in kZ for i/^ almost every r^i, 772, Ci? C2 ^ A(G'). Indeed, let i?^. 
and Hq be horospheres centered at rji and respectively for i — 1,2. 
Let be the signed distance between the intersections of {rji, Q) with 
if^. and H^j, with the sign convention chosen in such a way that Dij 
is positive if if^^ and H(^^ arc disjoint. Then since the geodesic flow 
takes horospheres to horospheres, the quantity -Di,i + -D2,2 — -Di,2 — D2,i 
is independent of the specific choice of horospheres. Moreover if the 
horospheres are chosen in such a way that contains Pq, H^^ passes 
through pi = H(^^ fl (Ci, m), Hc^^ passes through p2 = H^^.^ fl (772, C2), and 
H{r]i) passes through ps = H^^ n (7^1,(2), then Di^i + D2,2 - -Di,2 - -D2,i 
reduces to the signed distance D\ i between po and p4 = n (771, Ci)- 
Thus, r{r]i,r]2,Ci,C2) — + .02,2 - -^1,2 - -D2,i is well-defined and 
continuous on quadruples of points in A(G). We call it the cross ratio 
of the four points in PMF, or the cross ratio of the geodesies (7^1, ^i) 
and (772,(2)- 

Proposition 10.4. 

r(77i, 772, Ci, C2) = lim y^) + y^) - d{x\, y^) - d{yl, xl) 

n— >-oo 

where , yf e Teich{S) with xf rji, yf 

Proof. Let if^. and Hq be pairwise disjoint horospheres through rji 
and Q respectively, and let Mq be the complement in Teich{S) of the 
corresponding horoballs. The intersections of the geodesies 

(?7l,Cl),(Cl,?72),(772,y2),(y2,77l) 

with Mq consist of disjoint segments Ij of length dj,j — 1,2,3,4 re- 
spectively. Note the number 

t' ^ di^- d2 — dz — di 

does not depend on the specific choice of horosphere and by conti- 
nuity of the Busemann function on A(G') depends continuously on 
the r]iXi G A(G). We claim that it is equal to t(7/i, 7^2, Ci; (2)- In- 
deed, suppose Xi,X2,yi,y2 are points in Teich{S) converging to r]i 
and Ci respectively. The segments K,?/"] (771,(1) ^,2/2] ^ (^,(2) 
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[a;2,|/i] (^2,Ci) [2^2)2/2] ~^ (^2,Ci) uniformly on compact sets. In 
particular, their intersection with Mq contains four segments I'j which 
converge toward the Ij. Thus, to prove that r = r' it suffices to show 
that the contribution to 

y^) + y^) - y^) - diy^, x^) 

of the parts of [a;",|/^] which are contained in the complement of Mq 
goes to zero. By symmetry it suffices to show that if is the inter- 
section of [a^i,?/"] with i?^^, P2 is the intersection of [2^1,^2] '^^^^ H^^, 
then 

d{p\, x\) - d{pl x^) ^ 
Note, as n — >■ 00 we have 



p'l^Pi = Hr„ n (r/i,Ci) 

and 

and ^-rj converges to uniformly on compact sets. Thus 

Px-{Pl,P2) = d{p1,x1) - d{p'^,x'{) (3r„{pi,P2) 

which is zero since pi , p2 lie on the same horosphere based at rji □ 



Prom the expressions of the Busemann functions in terms of extremal 
length, we in fact find 

1 r 1 [fl 1 r/Q n ^1 ^i)^(«2, ^2) 

T ai , a2 , Wi], W2]) = 7y log -f^ o X ■/ o N 

for any Oj, /3j uniquely ergodic. Note, r defines a continuous function on 
quadruples of points in Teich{S) U A(G) Prom this formula we obtain 

Corollary 10.5. For any pseudo-Anosov g G Mod{S), with fixed 
points 771, 772 e the translation distance ofX is twice T{r)i, 772, f^, gP) 

where (3 is any uniquely ergodic point in PMF distinct from the rji. 

As noted above, t(7/i, r/2, Ci; C2) is a period oi t ^ figtQo) where 
qo e -5(^0) with [qQ] = and so r(77i, 772, Cb C2) £ kZ for almost 
every 7/1 , 7/2 , Ci ? C2 ^ A(G'). By continuity of the cross ratio and the fact 
that u has full support on A (G), it follows that t(77i, 772, Ci) C2) £ k'^ for 
1/^ for every 771, 772, Ci) C2 ^ A(G). But this implies that the translation 
length of every element of G is in k'Z contradicting Theorem 9.1. 
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11. Controlling the Multiple Zero Locus 

By ergodicity, fi gives full mass to a single stratum. In the remainder 
of the paper, we will assume that this is the principal stratum. Here is 
a sufficient condition. 

Proposition 11.1. If G contains a pseudo-Anosov element with axis 
lying in the principal stratum, then fi gives full weight to the principal 
stratum. 

Proof. By proposition 5.1, has full support on A(G) and thus /i has 
full support on Q^WH{G). Thus, any open set U C Q^{S) intersecting 
any geodesic with endpoints in A(G) x A(G) has positive fi measure. 
If 7 G G has axis in the principal stratum then a point p E g^ 
has a neighborhood U C Q^{S) that is also contained in the principal 
stratum. Thus, the principal stratum has positive measure and by 
ergodicity of on Q^{S)/G it has full measure. □ 

In this section, we show that the contribution to orbit growth of the 
multiple zero locus and thin parts of the principal stratum is asymptot- 
ically negligible. For a subset P C Q^{S), c G (0, 1) and x G Teich{S) 
let Bfi{x,P,c) the set of points y G Teich{S) with dxi^x^y) < R and 
the segment [a:, y] spending a proportion at most c of the time in P. 

For X, ?/ G Teich{S) let Nc{x, y, P, R, c) denote the number of 7 G G 
such that d{x, jy) < R and [x, jy] spending a proportion at most c of 
the time in P. Specifically, we prove: 

Theorem 11.2. For each x,y ^ Teich{S) and e > there exists a 
closed subset P' C Q^{S) disjoint from the multiple zero locus such 
that 

lim sup Ng{x, y, P', R, 1/3) /e^^ < e 

i?— S>oo 

In order to prove this we will show: 

Theorem 11.3. For each e > there exists a closed subset P C Q^{S) 
disjoint from the multiple zero locus such that 

lim sup e~^^m{Bji{x,P,l/2)) < e 

We first conclude Theorem 11.2 from Theorem 11.3. We will a lemma 
of Eskin and Mirzakhani from [3] 

Lemma 11.4 ([5], Lemma 5.4). Suppose K C Mg is compact. Given 
s > 0, there exists constants Lq depending on s and K, and cq depend- 
ing only on K with the following property. If ■y : [0,L] — )■ Q^{S) is a 
geodesic segment (parametrized by arclength) with endpoints above K 



24 



ILYA GEKHTMAN 



and L > Lq, 7 : [0, L'] Q^{S) is the geodesic segment connecting 
Pi,P2 e Teich{S) such that dr(pi, 7r(7(0))) < cq, (iT(p2, 7r(7(-L))) < cq, 
and 

\{se[0,L]\lmMt))>s}\> - 

then 

|{se[0,L']|Z„,„(7(t))>s/4}|>^ 

Prom this, we obtain: 

Lemma 11.5. Let K C Teich{S) be a compact subset, and P a closed 
subset of the principal stratum. Then there exists a closed subset P' of 

the principal stratum containing P in its interior and an Ro > such 
that for yi,y2 G K and x G Mod{S)K with dT{x,yi) > Rq, if [x,yi] 
spends a proportion at most 1/3 in P' then [x, 1/2] spends a proportion 
at most 1/2 in P. 

In particular we have: 

Lemma 11.6. For any K C Teich{S) compact and P a closed subset 
of the principal stratum, there exists a closed subset P' of the principal 
stratum containing P in its interior and an Rq > such that for any 
X e GK, yi, y2 ^ K and R > Rq we have 

Ng{x, yi, P', R, 1/3) < Ng{x, y^, P,R + diam{K)). 

Proof of Theorem 11.2 assuming Theorem 11.3. Let x G Teich{S) and 
P C Q^{S) be a subset of the principal stratum be such that the 
conclusion of Theorem 11.3 holds with ^^Q^diamiK) place of e, ie 

m{Bn{x,P,l/2))<-^^e'^ 

for all large enough R. 

Let K C Teich{S) be compact and contain both x and fundamental 
domain for the action of G on WH{G). 

Lemma 11.7. 

m{BR{x,P,l/2))= I NG{x,y,P,R,l/2). 

Jy£K 

Proof. Note, 

m{BR{x,P,l/2)) = ^ XBn{x,p,i/2){y)dm{y) = / ^XBR{x,p,i/2){9y)dm{y) ^ 

g(.G ''y^aK JyeK g^G 

I NG{x,y,P,R,l/2). 

JyeK 

□ 
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Note, by Lemma 11.6 there exists a closed subset P' of the principal 
stratum containing P in its interior and a Rq > such that ii R > Rq, 
then 

Ng{x, yi, P', R, 1/3) < Ng{x, ya, P,R + diam{K)) 

for any yi,y2 G K. Moreover, by Lemma 11.7 with with R + diam{K) 
in place of R, for each large enough R there exists a y2 & K such that 

Ng{x, y2, P, R+diam{K)), 1/2) < m{BR+aiamiK){x, P, 1/2)) < e^(^+'^^°-(^)) = ee^« 

completing the proof. □ 

We now consider the following measure on MF: Note the space 
of strong stable (or unstable) horospheres based at uniquely egodic 
points can be identified with uniquely ergodic points of MF. Indeed, 
let o e Teich{S) be a basepoint. If 77 e MF with ExtoT] — 1 then tr] is 
identified with the horosphere H{tr]) = H(t, [rj]) based at rj such that 
/3[j,](o, z) = t for each z — z^ri] G H (ie ExtzTj — e^*). For A C MF so 
that [A] C PMF let 

A(A) = / / e^'duM) = / / e^*didi/,([77]) 

JlvMA] Jt:H{t,['n])eA J [n]elA],ExtoV=i JtrieA 

Lemma 11.8. The measure A does not depend on choice of basepoint 
G Teich{S) and is G invariant. It has support precisely on foliations 
projecting to points on A(G). Moreover for all U C Q^{S) 

KV^igtU)) = e^*A(77+C/) 

and 

li{U)= [ ^i^^{AnH{7i))d\{7i) 

JrjeMF 

Proof. The independence of basepoint and G invariance follows because 
the Uo form a conformal density, the other properties are immediate 
from the definition. □ 



Denote 

\{U) = X{Gone{U)) 

where Gone(U) is the union of segments from the origin in MF to 
points of U . For W C Q^{S) and s > let W{s) denote the set of g G 
Q^{S) such that there exists q' (ZW on the same leaf of W^'^ as q such 
that dH{q,q') < s. For a subset A C Teich{S) let A{r) = Nbhdr{A) 
denote the r neighborhood of A in the Teichmiiller metric. 
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Lemma 11.9. Let K C Teich{S) be a fundamental domain for the 
action ofG on WH{G). Let h > 0. Then there is aC{h) > depending 
only on K and h such that for all U C Q^WH{G) fl n^^K and allt > 
letting Wt = gtU we have 

m{Nbhd27riWt)) < C{h)X{r]+Wt{h)). 

Proof. Let Hq = hQ{K, h) be a small constant to be specified later. We 
can decompose U into pieces Ua such that each piece is within Hodge 
distance /io/2 of a single unstable leaf. The minimal number of such 
pieces can be bounded by a constant depending only on K by the 
compactness of K and equivalence of the Euclidean and Hodge metrics 
over compact sets so, we may assume without loss of generality that 
U is within Hodge distance ho/2 of a single unstable leaf. Also, as in 
[ABEM, Lemma 4.1], we can assume without loss of generality that U 
has W^'" X W product structure. Pick a maximal A C 7r(lV() with 
dT{x,y) = 1 for any distinct x,y G A. Note by compactness of K and 
G equiariance of m there is a constant G{K) depending only on K such 
that 

m(5(X,3)) < C{K) 

for all X eGK Then 

Nbhd27i{Wt) C IJ Bt{X,3), 

and hence 

m{Nbhd27T{Wt)) < ^(5r(X,3)) < \A\C{K) 

Now, let A' cWthea set containing one element of 'JT^^{X)nQ^WH{G) 
for each X G A. Let B'^^{q, r) denote the elements of W'^'^{q) within eu- 
clidean distance r of q. As shown in [I], Lemma 4.1 for Hq small enough 
we can pick h2 depending only on K such that the ri~^{B^'^{q, h2) for 
distinct g G A' are disjoint viewed as subsets of PMF. By equivalence 
of Hodge and Euclidean metrics there is a /la G (0, /i2) such that when- 
ever q G n^^K with q' G B^{q,h3) we have dn^q^q') < h. For each 
g G A' consider 

H{q)=7^+{B^^{q,h,))(l^+{W{h)). 

These are pairwise disjoint. Note, since Vx has full support on A(G'), 
X{H{q)) > for all q G Q^WH{G). Thus, as A is G equivariant and G 
acts cocompactly on Q^WH{G), there is a c = c{K, h) such that 
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for all q G Q^WH{G). Thus 

Kv^iW{h))) > J2Hv^iH{q))) >c\A\. 

geA' 

This completes the proof. □ 

Now, let Pi C Q^{S)/G be compact (in our application Pi we will be 
a subset of the principal stratum of almost full /i measure) and define 
P3 C P2 C Pi and 6 G (0, 1] such that if g G Pj and duiq^q') < cuh 
then g' C Pj-i where ch is the nonexpansion constant of the modified 
Hodge norm over Pi. By choosing h small enough we can assume 
/i(P3) > 1/2. For To > let U[ = U[{To) be the set of g G Q^WH{G) 
such that there exists T > Tq so that gtq is in the complement of P, 
for at least half of t G [0,T]. By definition U[ G U2 C and by the 
Birkhoff ergodic theorem, for every ^ > there is a Tq > such that 
/i(f/^) < 9. Let Ui = p-^U^ n Ti-^K. 

Lemma 11.10. In the above notation, for all t > 

m{Nbhd2in{gtUi))) < C{h)e^'Xir]+{U2)) 

and for any e > it is possible to choose Tq such that for all t > Tq 

m{Nbhd2{7T{gtUi))) < ee^\ 

Proof. Let W = gtU. As shown in the proof of [1], Lemma 4.2 we have 
W{h) C gtU2- Now, we can apply Lemma 11.9 to W and use the fact 
that 

to get the first claim. Moreover, as shown in the proof of [ABEM, 
Lemma 4.2], if g G f/2 and g' G Q^WH{G) is on the same strong 
stable leaf as g with dui^q^q') < h then g' G f/3. By compactness of 
Q^WH{G)/G and G equivariance of /i**, there is a c > such that 
H''{B''{q)) > c for all g G Q^WH{G) H p-^K. Therefore, by the 
product structure of /i, \{U2) < Ci{h)jj,{U^) where Ci{h) depends only 
on h. Hence, choosing a large enough Tq the second claim of the lemma 
follows. □ 

Proof of Theorem 11.3. In the above notation, let Pi be chosen disjoint 
from the multiple zero locus. Let Tq, Ui, Ui be as in the proof of Lemma 
11.10. Let K C Teich{S) be a fundamental domain for the action of G 
on WH{G) (so m is supported on GK = WH{G)). Then for R > Tq 
and X G K we have 

BR{X,P,)nGKc [j n{gtUi)nGK c[j [j n{gtUi)nGK 

0<t<R n=On<t<n+l 
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Then, 

[Ri [Ri 

m{NbhdiBR{X,P)) < ^m{Nhhd2{'n{gnUi)) n GK) < Ce J^e''" 

?i=0 n=0 

by Lemma 11.4. This completes the proof for x G WH{G). □ 

12. Exact Asymptotics for Orbit Growth 

The goal of this section is to prove the part of Theorem 1.1 concerning 
orbit growth. For r > 0, s G Teich{S) and A C PMF recall 

C+ix,A)=Nr [j SectM) 

and 

C;{x,A) = lye Teich{S)\B{y,r) C p| Sect,{A) 

I zeB{x,r) 

For t > and x,y E Teich{S) define a measure 

d{x,-yy)<t 

Proposition 12.1. Let c > 0, x,y e Teich{S) and rjoXo ^ PMF 
be such that there exist riQ,Q ^ ^(^) ^ ^ iVoyVo)' V ^ (CcCo)- 
r/ien i/iere exzsi o^^en neighborhoods V and W in PMF of rjo and Co 
respectively such that for all borel A C V and B C W with nonempty 
interior, as T ^ oo we have 

\imsnpuly{C^{x,A) x C^{y,B)) < e'u^{A)iyy{B) 

and 

liminf z/Jj,(C+(x, A) X Ctiy,B)) > e~'pM>y{B) 

Proof. If ?7o is not in A(G) then we can choose a neighborhood U of r^o in 
PMF with v^{U) = and = PMF so that both sides of the desired 
equation are 0. Similarly if (q is not in A{G). Assume therefore that 
rjoXo £ A(G). The argument is modelled on Roblin's Theorem 4.1.1 
in [22], where an analogous result is proved for manifolds of pinched 
negative curvature. For r],( ^ PMF filling and z G Teich{S), let 
Zri^( be the quadratic differential with projective vertical and horizontal 
measured foliations ( and rj respectively and such that vr(2;^^^) lies at 
minimal distance from z. For z G Teich{S), r > and A C PMF let 

K+{z, r. A) = \^gsz^,,c\v e A, d{z, (r/, C)) < ^ ^ h^' ^] } 
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and 

K-{z,r,A) = [gsZ^,(^\C G A,d{z,{riX)) < r, s e h^,^]} 

Let 

K{z, r) = K+{z, r, PMF) = K-{z, r, PMF) 

Note that Ti{K{z,r)) C B{z, f ). For a, 6 G Teich{S) with d{a,b) > 2r 
let 

to£-B(a,r) 

and 

e;(a,6)= fl pr^(5(6,r)) 

w&B{a,r) 

Note, as a — )■ 77 G f/i? we have Qf{a,b) converging to 6^(77,6) = 
6r(?7,6) = pr^{B{b,r)). 

Let Lr{a,b) C PMF x PMF denote the pairs such that the 

geodesic defined by them passes first through B{a, r) and then B{b, r). 

It follows immediately from the definitions that 

Lr{a,b) C Q+{b,a) x 0+(a,6). 

Proposition 12.2. There exists an rg > such that for all < r < Tq 

and all h > the following holds. For each e > and e' > there 
exists an Ro > such that for every a,b E Teich{S) with the segment 
[a,b] C Teich^{S) and d{a,b) > Rq such that [a,b] spends at least half 
the time in Q^' we have that 

Q~{b,a) X Q^(a,b) C Lr+hio-^b) 

The proof of this proposition depends on the following lemmata from 
[3], which say that geodesic segments that spend enough time in the 
thick part of stratum behave like geodesies in a CAT(-l) space. 

Lemma 12.3 ([5], Lemma 5.3). Suppose K C Mg is compact. Given 
1 > /3 > there exists a po > (depending only on K and P) with 
the following property. Given t > and p > there exists an Lq = 
Lo{K,t, p, (3) such thatifX,po G Teich{S) lie above K, dT{po,pi) < po, 
drp{X,pi) = L > Lq, and 

I {s G [0,L]\lrmn{9s{qX,po)) >t}\> /SL 

then 

dE{q,qx,po) < P 

where ds denotes the Euclidean norm and q is the unique quadratic 
differential in W^""(gx,po) ^ ^''iqx,pi)- 
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By the equivalence of the Euchdean and Teichmiiller metrics over 
compact subsets of Mg, we also have 

Lemma 12.4. Suppose K C Mg is compact. Given 1 > /3 > there ex- 
ists a po > ( depending only on K and (5 ) with the following property. 
Given t > and p > there exists an Lq = Lo{K,t, p, (3) such that if 
X,pq G Teich{S) lie above K, dxipoyPi) < Po, dT{X,pi) = L > Lq, 
and 

I {s e [0,L]|U„(^,(gx,po)) >t}\> PL 

then 

dT{7r{q),X) < p 

where ds denotes the Euclidean norm and q is the unique quadratic 
differential in W^""(gx,po) ^ ^''iqx,pi)- 

Lemma 12.5 ([5], Lemma 5.4). Suppose K C Mg is compact. Given 
s > 0, there exists constants Lq depending on s and K , and cq depend- 
ing only on K with the following property. If ■y : [0,L] — )■ Q^{S) is a 
geodesic segment (parametrized by arclength) with endpoints above K 
and L > Lq, 7 : [0, L'] — )■ Q^{S) is the geodesic segment connecting 
Pi,P2 e Teich{S) such that rfrlpi, vr(7(0))) < cq, dT{p2-,T^{'l{L))) < cq 
and 

\{se [0,L]|/„i„(7(t)) >s}| > - 

then 

|{sG[0,L']|/^,„(7(t))>s/4}|>y 

Proof of Proposition 12.2. Let K = Teich,{S)/Mod{S). Let Li (de- 
pending on K and e') and Cq (depending on K) be the Lq in Lemma 
13.4 corresponding to s = e' and K = Teiche{S) / Mod{S). Then, if 
{,x,y) C Teich^{S) and dT{x,y) = L > Lq with 

I {s e [0, L]\lminigtqx,y) > e'} I > ^ 

it follows from Lemma 12.5 that for every pi G Bcq{^) and p2 G Bcg{y) 
we have that 

min{9tqx,y 

Now let Po be as in Lemma 12.3, corresponding to i^" = Teich^{S) /Mod{S) 
and /3 = 1/3. Let vq = min {cq, po}. Suppose r < vq and h > 
arbitrary. Let L2 be the Lq in Lemma 12.4 corresponding to = 
TeicK{S)/Mod{S) and /3 = 1/3, t = e'/l, and p = h. Let Rq > 
max {Li + 2ro, L2 + 2ro}. Suppose a, 6 G Teich{S) with the segment 
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Figure 1. proof of Proposition 12.2 



[a,b] C Teich^{S) and d{a,b) > Rq such that [a,b] spends at least 
half the time outside of Q^' and r] G 9~(6, a), ( G Q~{a,b). Let 
b' G Br{b) be a point on the geodesic containing [a,() and a' G 
a point on the geodesic containing [b',r]). We will apply Lemma 12.4 
with X = b' , po = a' , pi = a to obtain that the quadratic differential 
q G W^'igb'^^) n W%qb>^^) satisfies dT{7r{q),b') < h, so 7i{q) G Br+hip). 
By definition 7r(g) G (r7,C) so (^7, C) intersects Br+h{b). Similarly, C) 
intersects Br+h{,o) completing the proof. □ 

We now continue with the proof of Proposition 12.1. From now on, 
fix r G [0, smaller than the tq in Proposition 12.2 such that 

z/^(99r(?7o,x)) = z/y(96r.(Co,2/)) = 

(this last condition only excludes countably many values of r). Since 
r^Q G QriVo^^) and Q G QriCoiV) and the conformal densities have full 
support on A(G) we have that 

Vx{Qr{'no,x)vy{Qr{'no,y) > 

Now, fix /i > such that 

t/^(e^_/,(r/o,x)) > e-'=/^2°z/^(e^(r/o,x)) 
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and 

i/,(e,_,(Co,2/)) > e-/^2%(e,(Co,2/)) 

and also 

u^{dQr-h{rio,x)) = iyy{dQr-h{Co,y)) = 

Let V and W be open neighborhoods in Teich{S) U PMF of r^o and Co 
respectively such that for all (a, b) e {V x W) with a,b e NdWH{G) U 
A(G') with D = + d{y, WH{G)) + 1 we have 

and 

e-/^2V,(e.(Co,?/)) < ^y{Qtih,y)) < e^/^'V,(e.(Co,i/)) 



and 

e-'^/i^%(e._,(Co,t/)) < Methib,y)) < e'^/''\{er-h{Co,y)) 

It then follows that 
and 

e-'^/6%(e,(Co,2/)) < i^y{oth(b,y)) < '^y{0Hb,y)) < e'^/''\{er{Co,y)) 

Let V and W be open neighborhoods of r]o and Co respectively in 
PMF such that F C t? n PMF and IF C n PMF. Consider open 
subsets ACV and B CW. Let 

K+ = K+{x,r, A) 

and 

We will estimate as T — >■ oo the quantity 

cT 



f e''T^i{K+ng_t'yK-)dt 

Jo 



7eG 

From the definitions, it follows that for 7 G G and for d{x, 'jy) > 2r 
we have 

l^{K+ng.aK-)dt = I e'P^^^'^^dvMd^yiO I ' XK(jy,r){9t+s 

J Lr{x,iy)n{jBxA) J-r/2 



CONVEX COCOMPACT SUBGROUPS 33 



We first find an upper bound for 

fT-3r 



pl —6r 

/ e''y^^x{K+r^g^tlK-)dt 

JO ^.^r< 



yea 

First, note that for [r], () e Lr{x, y) we have 

P.(77,C) <2r<c/30 

Now, suppose Lr{x,^y) n (7S x A) is nonempty. Then from the def- 
initions it follows that jy G C^{x,A) C Ci{x,A). Since 7 is an 
isometry, it also holds that Lr{j~^x,y) r\{B x j~^A) is nonempty and 
thus 7~^a; G C^{y, b). 

Note that for (77, Q C Lr(x, y), \s\ < r/2 and T > we have 

fT-Sr- 



pi — csr- 

^0 



and moreover is zero whenever d{x, ^y) > T. Using the fact that 
Lr{a, h) C ©+(6, a) x ©+(a, 6) it follows that 

/■T-Sr 

/ e^*^/.(i^+n^_,7i^-)di < e^/^V^i/.(e+(7y,x))i/,(e+(x,7y)) 

where the sum is taken over all 7 G G such that (x, 71/) < T and 

(7Z/,7-Me[C^i+(^,^)xC+(t/,S)] 
By Corollary 7.4 we see that he set 

[c+(x, A) n NdWH{g) X c+(y, 5) n NdWH{g)] \[v xW] 

has compact closure in Teich{S) for any D > 0. If a;, 7/ G NdWH{G) 
their G orbits are also contained in A'^oH^i7(G). Thus, by the discrete- 
ness of the G action on Teich{S), for some constant ci that does not 
depend on T 

/ e''J2t'(^''^9-aK-)dt < e^/^V J]z.,(e,+(7y,x))i/,(©+(x,72/))-ci 

for all T > where the sum is taken over all 7 G G with (x, 7y) < T 

and {-fy,-f-^x) G [C+{x,A) x C+{y,B)] n[VxW]. 

Note, by the triangle inequality we have for 77 G 9^(a;,7y)) 

d{x: ly) - 4r < 77/) < d{x, 77/) 
and by the conformality of v it follows that 

Vy{Q+{r'x,y)) = j/^,(e+(x,7Z/)) < v,{Q+{x,^y))e"'^^''^y^ < e^V^,(e,+ (x, 7^)) 
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Since 45r < c/15 it follows that when 

(77/, 7""^a;) GVxW 

we have that 

z.,(e+(7y,x))z/,(e+(x,7l/)) < e^/'''/^x.(e+(7y.x))/y,(e+(7-'x,y)) 

<e'/'%,{er{vo,x))uy{er{Co,y)) 

Thus we obtain 

e''J2fi{K+ng_tlK-)dt < e^/V|G+(r, ^, S)|i/,(e,(77o, x))i/,(e,(Co, y))+Ci 

7eG 

where ci is independent of T and G~^{T, A, B) is the set of all 7 e G 
such that 

{x,^y)<T 

and 

(7y,7"'^) e [Ci+(x, A) X C+(y,S)] n[V xW] 
In a similar but more annoying manner, we will obtain a lower bound 
for 

/■T+3r 

/ e''Y,^,{K+f^g_aK-)dt 

First, note that for rj G 6^_^(a, 6) we have 

d{a,h) -2r < Pr,{a,b) < d{a,b) 
and thus similarly to above we have 

Since 2Sr < c/30 it follows that when 

(7y, ^"^x) CV xW 

we have that 

^.(e;_,(x, 7y))^.(e,-_,(7z/, ^)) > e-^'^(^'^^V.(e;_ jx, 7t/))^,(e;_,(x, 7?/)) 

>e-^/^V(e,(?7o,2:))i^,(e,(Co,y)) 

Now note, if (7|/,7~^a;) G Cf (x, A) x Cf (y, -B) then by definition 

A D 0~ (x, 71/) and D 0^(|/, 7" ""^a;), whence 7!? D Q~{'jy,x). Note 
for (7/, C) e Lr(a:, y), |s| < r/2, T > and 3r < c?(a;, jy) < T we have 

Jo 
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Now fix an e' > with fi^^^ {Q,,{S)/G) < 1/3 and consider 7 e G 
such that [x,7y] and [7^, both spend less than half time in Q^i. By 
Proposition 12.6 and the discreteness of the action of G, for all but 
finitely many such 7 we have that 

Note for (77, C) G Lr{x,y), \s\ < r/2, T > and 3r < d{x,-fy) < T 
we have 

fT+3r 

'0 

Thus we have that 



Jo 



t-T+Sr 



° 76G ■y€G{T,A,B) 

e-^'^\^\G-{T, A, B) \ G~iT, e', A, 5) (6,(770, :r))z/,(e,(Co, y)) - 
where G~{T, A, B) is the set of all 7 G G such that (x, 77/) < T and 

{ly.l-'x) e [C+ix,A) X Ctiy,B)] n[V xW] 

and G^ {T,e' , A, B) is the set of all 7 G G{T, A, B) such that the seg- 
ment (x, 71/) spends at least half the time in the e' thin part of the 
principal stratum, and C2 does not depend on T. 

By mixing it follows that for all t large enough we have 

e-^/^V(i^+)/^(i^") < llA^II^/^(i^+ny-*7X-) < e''/^''iJi{K+)n{K-) 

■yeG 

Note, that by definition 
Since 

0<p.(^,C) <2r 
for C G Qriv^x) and since A C V wc obtain that 

e-'/'\u,{A)u,{er{m,x)) < fi{K+) < e''/^^ru,{A)u,{er{vo,x)) 
and similarly 

e-^/<''rUy{A)uy{er{(:o,y)) < //(i^") < e^/'\uy{A)uy{er{Co,y)) 
It follows that there exists a constant C2 independent of T such that 

3M\ / e'^*J^/x(K+n5_t7is:-)rft >e""/^e^^Mi/^(/l)z/j,(5)-C2 



5(i(a;,7j/) 



> 
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and 

j-T+Zr 

/ e^*V//(i^+nc/_t7i^-)cii <e'=/V^Mi/^(A)i/j,(S) + C2 

where M = r^i^xiQriVo,x))uy{Qr{Co,y))- 
Thus, it follows that 

e-^/V,(A)i/,(i?) < e^/h-'^\G+{T,A,B)\ 

and 

e'^/^u,{A)u,{B) > e-'=/''e-'^\G-{T,A,B)\G-{T,e'A,B)\ 

for large enough T. Furthermore, by Theorem 11.4, if e' is chosen small 
enough, 

lim sup \G-{T,e'A,B)\/e^' < e"'^'^ 

T-^oo 

SO that 

eV,(A)i/,(B) > e-'^\G-{T,A,B)\ 
for all large enough T. 

This completes the proof of Proposition 12.1. □ 

Lemma 12.6. Let x,y E Teich{S) and c > 0. For each 

(r/o, Co) e PMF X PMF 

there exists anr > and neighborhoods V and W ofrjo and (q in PMF 
respectively such that for all borel A Q V and B C W, with nonempty 
interior: 

lim sup uly{C;{x, A) X C;{y, B)) < e'ux{A)uy{B) 

t—^oo 

and 

hm inf uly{C+{x,A) x C+{y,B)) > e-^v,{A)vy{B) 

Proof. If r]Q is not in A(G) then we can choose a neighborhood U of 
770 in PMF with z/^(f/) = and W = PMF so that both sides of the 
desired equation are by Corollary 9.7. Similarly if Co is not in K{G). 
Assume therefore that r/cCo ^ A(G). Let Aq G A(G) and Xq G (r/o, Aq), 
yo e (Co, Aq). Let Vq, Wq be open neighborhoods of 770 and Co in PMF 
respectively such that for all open A C. Vq and B C Wq, we have as 
T ^ 00 that 

limsupi.J„,^„(Cr(xo,^) X C-(yo,S)) < e'^/^v,M>y,{B) 

and 

hminf ^J„,^^(C;(xo, A) x C;(yo,S)) > e-^/=^i/,„(A)i.,„(S) 
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Let Vq and Wq be neighborhoods in Teich{S) U PMF of tjo and Co 
respectively, whose intersection with PMF are respectively contained 
in Vo and Wo and such that for all 

a e fo n NdWH{G), be Won NdWH{G) 

we have 

\d{xo,a) - d{x,a) - /^^^(xo, a;)| < — 
\d{yo: b) - d{y, b) - (3^^ {yo, 2/) I < ^ 

and for all 

77 e n A{G) 
C e t^o n A(G) 

we have 

Q 

\Pr,{xo,x) - Prig(xo,x)\ < — 

and 

\Pri(xo,x) - pr,o(xo,x)\ < —. 

Let V and W be open neighborhoods in PMF of rjo and Co respec- 
tively, with F C n PMF and C n PMF and let 

r = 1 + d(a;,a;o) + d{y,yo). 

Consider ACV and 5 C W^. 

Note, if {'yy,'y~^x) G C~(a;,A) x C^iy^B) one easily checks that 
(72/0, 7~^a;o) e Cf (a;o,v4) x C^{yo,B) by the choice of r. Next, note 
that if d{x, 7y) < i and (7?/, 7~^a;) e Vl^ x Wo where VL^ denotes the 
set of points whose r neighborhood is contained in Vq, then 7^0 £ 
and ^~^x e Wo which implies that 

c c 
o?(a;o, 72/0) < d{x, 71/0) + /3^o (^0' ^) + ^ = ^(^0' ^~^^) + '^''o (^^o, ^) + ^ 

c c 
< d{y,-f-^x)+p(^{yo,y)+Pr,oixo,x)+— < t+pr,o{xo,x)+Pcoiyo,y)+^ 

From Corollary 7.4 we obtain 

Lemma 12.7. 

[C;{x,A) n 7V,5W//(G') X c-(y, B) n 7VbW//(G')] \ [tr; X Wo] 

is relatively compact in Teich{S) . 
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Thus [C:^{x, A) X C~{y, B)] \ [V-r x Wq] contains only finitely many 
points (7a;, 7^^?/), 7 e G 
Prom this, we deduce that 

lim sup vlyiC^ix, A) X C-{y, B)) < 

and thus by Prop 12.1, 

lim sup (C- {x,A)x C; {y,B))< e'^^/^e^^'^o M+s^c, (yo.j/)^^^ (5) _ 

Since e^^'^o^^^'^^Vxo < ^'^^^^x when restricted to V and e^^'^o(yo'y)i/y^ < 
e'^^^Uy when restricted to W, we obtain that 

limsupz/*^^(C-(a;.A) x C^iy.B)) < e'iy,{A)uy{B) 

The reverse estimate is proved similarly. □ 

Theorem 12.8. For x,y & Teich{S) y converges weakly to x Vy 
as t ^ 00 

Proof. Let c > 0. For each (770, Co) G ^{G) x A(G) take neighborhoods 
^{vo,Co) ^(w,Co) of Vo and Co respectively such that the conclusion of 
Lemma 12.6 holds for c. By compactness finitely many of the V x W 
cover PMF X PMF, say Vi x Wi, i = 1, ...,n. Let Vi and VFj be open 
subsets of Teich{S) U PMF such that 1/^ = i/^ n PMF and Wi = 
n PMF. Let and ^ be borel subsets of Teich{S) U PMF with 

and 

{ly^ ^ iyy){d{A X B)) = 

ie _ _ 

u^{A))uy{dB) = u,{B)) X i^yidA) = 

Let a > 0. Let A+, B+ C PMF be open and A", P~ C PMF compact 
with A~,B~ either being empty or having nonempty interior such that 

A- cA°n PMF cAn PMF cA+cVi 

B~ CBT] PMF CBD PMF CB+ cWi 
1/^(1° \ A-) < a, u^{A+ \l)<a, v^{B'' \ B') < a, u^{A+ \1) < a 
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Let D > d{x, WH{G)) + d{y, WH{G)) so that the G orbits of x, y are 
contained in NdWH{G). By Corollary 7.4 the sets 

\lf\NDWH{G) xBf\NDWH{G)] \ [C;{x,A^) x C;{y,B+)] 

and 

A-) n NdWH{G) X C+{y, B') n iVBW^if(G')] \ [A" x 5°] 

are relatively compact in Teich{S) x Teich{S). Thus, by Lemma 12.6 

we have 

limsupz/*,^(Ax5) < \imsnpiyly{C;{x,A+)xC;{y,B+)) < eV,(A+)^/,,(B^ 

eV,(A)z/^(5) + ae'=(||i/^|| + \\uy\\) = e'u,{A)uy{B) + ae%\\u^\\ + \\uy\\) 
Since a > can be chosen arbitrarily small we obtain 



limsup ulyiA X B)< e^u^{A)uy{B) 



X 

Similarly we obtain the reverse estimate 

\\uviuii>ly{Ax B) > e-''u^(A)uy(B) 

Indeed, 

\immii'l y(Ax B) > liminf z/i^(C+(a;, A") x C+{y,B-)) > 
e-''MA")uy{B")-ae%\\u,\\ + \\uy\\) = e-'^M^^^ 

for any a > 0. Thus, for 4> a continuous function supported on V xW 
we have 

(t)dPx®dPy < liminf J (pdu^. y < liminf J (pdu^. y < e^'^ J (pdu^'^duy 

Furthermore the complement O of IJ"^-,^ Vi x Wi in Teich(S) U PMF is 
a compact subset of Teich{S), so for any function supported on O we 
have 



and 



lim / Mvi , = 



x,y 



By choosing a partition of unity subordinate to the cover 0,ViXWi 
we obtain that 

e"'^ J (t)dvx®dvy < lim inf j (pdu^ y < lim inf J (pdi/l y < e"*^ J (t)dvx®dvy 

for any continuous on {Teich{S) U PMF) x {Teich{S) U PMF) and 
letting c — > yields the desired result. 
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□ 

Theorem 1.1 follows. 
Theorem 12.9. For allx,y e Teich{S) we have 

.im|B„MnG,|e-=MJM 

13. Counting Closed Geodesics 

In this section we prove Theorem 1.2. Denote by the set of 
pseudo-Anosov elements of G. Denote by Ghp the set of primitive 
pseudo-Anosov elements of G. Let be the set of closed primitive 
geodesics on Teich{S)/G of length at most R. For g e Vt{l) let Dg be 
the Lebesgue measure on g normalized to unit mass. 

We will prove: 

Theorem 13.1. 

lim 5te~^* n = NuirV 

Theorem 1.1 then follows. 

Proof of Theorem 13.1. Let x e Teich{S). Denote by ^(x, r) C Teich{SfU 
PMF^ the set of pairs (a, b) such that [a, b] O B{x,r) ^ 0. Recall the 
measure fx on A(G) x A(G) by 

dHvX) = ex.p{S{G)p^{riX))diyx{v)d'^x{C) 

and let 

di^l,! = di^l^ = 5\ \ix\\e-'' Yl ^-y- ® ^7-1- 

■yeG,d{x,'yy)<t 
76Gh,d(a;,72/)<t 

dul,^5M\e-'' Yl D,^®D,- 

76Gh,ci(a;,7j/)<t 

where 7^ G PMF denote the stable and unstable laminations of 7. 
Note that for D = d{x, WH{G)) we have u^.- and x all supported 
on {NDWH{G)UA{G)y and V{x,r) n {NdWH{G) U A{G))^ is closed 
in Teich{S) U PMF. 

Lemma 13.2. For every c > there exists a to = to{x,r,c) > such 
that if^&G with d{x,jx) > to and {'yx,j~^x) e V{x,r) we have that 
7 is pseudo-Anosov and pxi'j'^^x,^'^) > c. 
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Proof. Suppose 7 G G is a pseudo-Anosov, p a point on the axis of 
7 and I the unit speed parametrization of the axis starting at p in 
direction 7+. Note, 

Pxiix, 7"*") = hm d{x, ^x) + d(a;, — ^(7^, = 

d{x, 7x) + d{x, l{t)) — d{x, l{t — l{'y))) > d{x, ^x) 
and similarly 

Px{T^x,-t~) > d(x,-fx) 

Note, as G is convex cocompact it contains no parabolic elements. Since 
G is a hyperbolic group, it contains only finitely many conjugacy classes 
of finite order elements. Therefore, the fixed points of finite order 
elements of G are contained in finitely many G orbits of Teich{S). Let 
D be the maximum distance of these orbits from WH{G) . Suppose now 
that 7„ e G is a sequence of finite order elements with d{x, jn^) — > 00 
and {'jnX,'j~^x) G V{x,r). Let p„ be the fixed point of 7„. Then 
x, 7„a;, Jn^x all lie on the same circle G„ of radius r„ ^ 00 centered at 

Pn- 

Taking a subsequence, we can assume 

Pn^rje PMF 

and 
and 

= -f-^x ^0e PMF 
Then clearly C,^ G A(G). 

Also, the Pn are all contained in Nr)WH{G) and thus 77 G A(G) C 
U E. We claim ( = r] = 6, which would imply that for large enough n 
we have (7„a;,7^^x) ^ V{x,r), contradicting our assumption. Indeed, 

Pxiv, C) = lim d{x,pn) + d{x, yn) - d{yn,p„) = lim r„ ^> 00 

n->oo n->oo 

which is impossibe if 77 7^ C by continuity of p. Similarly, r) — 9. □ 

For the remainder of the argument, the proof of Roblin's Theorem 
5.1.1 carries through with essentially no modification. Prom Lemma 
13.2 we obtain 

CoroUctry 13.3. When restricted to V{x, r) we have i/* j — u^j 
forij = 1,2,3. 
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Note, for rjX ^ V{x,r) we have < Px{vX) ^ 2r and thus by 
Theorem 12.8 and Lemma 13.2 for any positive continuous ip compactly 
supported on V{x, r) we have 



-2Sr 



as t — )■ oo. For ^ E Gh let g.y be the axis of 7, and denote by the 
arclength measure on 7. Let /(7) denote the translation length of 7 in 
the Teichmiiller metric. Let 

7eGfe,/(7)<t 



and 



Note that 



ML 



Se 



-St 



E 



7eG^,d(a;,7a;)<t 



Kl) — d{x,^'ix) < + 2d{x,g^) 
and thus when restricted to V{x, r) we have 



a;, 3 



Let V{x,r) C Q^{S) denote all quadratic differentials on geodesic seg- 
ments defined by elements of y(a;,r). Note, 



ML 



11/^ 



SMS 1 1-1,, t 



x,3 



ds 



and thus for any 4> G C^{V{x, r)) we have 

e~'^^''\\n\\'^ j (f)dfx < liminf J (t>dML < limsup j (pdM^ < M\~^ J (pdfx 

Denote by Ghp C G the set of primitive hyperbohc isometrics so that 

t 



Mi 



7eGftp,/(7)<t 



1(7) 



Clearly 



Moreover, note 



Mi<E' := dte 



-St 



E 



7eG,,p,/(7)<t 



lil) 



> whenever 1 < < t and t > 2, so for 



1 



any e C+(y(x, r)) we have 

E 

since J 0dM* is bounded as i — >■ 00. 



0(iL^ = 0(e 
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Now, if e-'t <l{-f) <t then 



t 



> 1 > 



^(7) 

and so 

By above remarks, the second term in the above difference is bounded 
above by a constant muhiple of 

te^ie—^)t = 0(1) 

Thus we get 

hm sup J (f)dM!^ > e"' hm sup J (pdE^ 
Putting everything together we obtain as t — )■ oo 

^^llAiir^y HJ^ < hmsup J (pdE^ < hmsup j ^dE^ < e^^^+^^H l/^l 

Choosing a partition of unity subordinate to the locally finite cover of 
Q^{S) by the V{x, r) (where r > is fixed) we obtain the above relation 
for each G C^{Q^{S)). Letting r — )■ completes the proof. □ 
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